Every finite group of symmetries (homeomorphisms) of a compact bounded surface of algebraic genus g acts, by taking the product with the interval [0, I], also on the 3-dimensional handlebody V, of genus g. In both cases, the maximal possible order of such a group is 12(g -l), and we call such a group a maximal bounded surface respectively handlebody group. Here we construct the first examples of maximal handlebody groups which are not maximal bounded surface groups. Our examples lead in a natural way to the notion of an equivariant Heegaard genus for finite group actions on 3-manifolds;
Every finite group of symmetries (homeomorphisms)
of a compact bounded surface of algebraic genus g acts, by taking the product with the interval [0, I], also on the 3-dimensional handlebody V, of genus g. In both cases, the maximal possible order of such a group is 12(g -l), and we call such a group a maximal bounded surface respectively handlebody group. Here we construct the first examples of maximal handlebody groups which are not maximal bounded surface groups. Our examples lead in a natural way to the notion of an equivariant Heegaard genus for finite group actions on 3-manifolds;
we compute this genus for some classes of interesting examples. The notion of an equivariant Heegaard genus gives a certain hierarchy for finite group actions on a 3-manifold and the notion of a maximally symmetric 3.manifold;
we show that the irreducible maximally symmetric 3-manifolds belong to the hyperbolic geometry, or are Seifert fibered of a very special type.
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Introduction
The maximal possible order of a finite group of orientation-preserving homeomorphisms of the orientable 3-dimensional handlebody V, of genus g is 12(g -1) (analogously to the classical 84( g -1 )-bound for closed (Riemann) surfaces of genus g); we will call such a group a maximal handlebody group. It has been shown in [15] , see also [8, 121 , that the maximal handlebody groups are exactly the finite 0166~8641/92/$05.00 0 1992-Elsevier Science Publishers B.V. All rights reserved groups G which are surjective images of one of the following four free products with amalgamation; Gz = D, *B, A,, such that the surjection is injective restricted to the amalgamated groups D,, A4, S, respectively A5 which denote the dihedral group of order 2n, the tetrahedral, octahedral respectively dodecahedral group; we will call such a surjective image a G,-group, i = 1, 2, 3, 4 (in Section 2, the injectivity on the amalgamated groups of the constructed surjections Gi -B G will always be easy to see, so we will not mention it especially: note that the above amalgamated finite groups have very few quotients). To each group G, corresponds a "handlebody orbifold", and the finite G-action is given by the reglar orbifold covering corresponding to the kernel of the surjection Gi ++ G. This handlebody orbifold has the 3-disc D3 as underlying topological space, and the singular set is as shown in Fig. 1 . On the other hand, the maximal possible order of a finite group of (orientationpreserving or reversing) homeomorphisms of a (orientable or nonorientable) compact bounded surface of algebraic genus g (the rank of its (free) fundamental group)
is also 12(g -l), and the finite groups occurring are exactly the G,-groups, see [6] (where they are called M*-groups) and [9] . There exist various papers constructing classes of G,-groups and classifying the G,-groups of low order, see [7] and its literature.
In the present paper, we construct several (classes of) maximal handlebody groups which are not maximal bounded surface groups. The smallest possible order of such a group is 96; we determine all G2-, G,-and G,-groups of order smaller than 96: all of them are also G,-groups.
The examples we found are connected with certain finite group actions on the 3-sphere S3 which are maximal with respect to the equivariant Heegaard genus, so we formulate this concept and discuss some classes of examples. The equivariant Heegaard genus leads to a certain hierarchy for finite group actions on 3-manifolds.
In the extremal case IG\ = 12(g -1) we call both the G-action and the 3-manifold maximally symmetric; we
show that the closed irreducible maximally symmetric 3-manifolds belong to the hyperbolic geometry, or are Seifert fibered of a very special type.
Maximal handlebody versus maximal bounded surface groups
Let G be the semidirect product (7J4 K Sq, where the symmetric group S, acts by permutation of indices on four generators x,, . . , x4 of (Z,)". Note that G acts on R4 respectively the 4-dimensional hypercube by inversion and permutation of coordinates, and also on the 3-sphere S' as the group of symmetries of a regular tesselation of S3 by eight spherical cubes (coming from the projection to S3 of the boundary of the hypercube). The characteristic cell of this tesselation (a simplex of the barycentric subdivision) is a spherical tetrahedron (each cube consists of 48 copies of it), and G is generated by the reflections in the sides of this tetrahedron (which is a fundamental domain for G in S'). In other words, G is the Coxeter group G = [3,3,4] = :: 4 (see [3] ), and the tetrahedron is as shown in Fig. 2 . In Fig. 2 , a number n at an edge denotes dihedral angle rr/n (in the spherical geometry). Let Gt = [3, 3, 4] + be the subgroup of index 2 of orientation-preserving symmetries of S"; we will call this the tetrahedral group associated with the Coxeter group respectively the tetrahedron. Then an edge of T3,3,4 with associated number n has stabilizer 7, in Gt (rotations around the edge), and the stabilizers of the vertices are as indicated in Fig. 2 . In this way we may consider T 3,3,4 also as a graph of groups. By Poincare's theorem on fundamental polyhedra, the group G+ is isomorphic to the graph- amalgamation product over the graph of groups T3,3,4, i.e., to the iterated free product with amalgamation over the graph of groups (in contrast to the fundamental group of a graph of groups which involves also the HNN-construction), see [2] or [14] for an exposition and a proof.
Let r:= x,xzxJx4 = -ids3 be the central involution in G and G+, so S3/r is real projective space RIP'. The factor group PG+ := G+/ r acts on RP3 and is a semidirect product (Z,)' K S,, where (Z,)' contains the (classes of the) elements 1, x,x2 = x,x,, x,x3=x2xq and x2x3=x,x4 (note that x,x2x3xq= 1 in PG+), and S, operates by permutation of indices; note also that this S, cannot be the original S, in G = (E2)4 K S4, but is generated, for example, by the elements (x,, (34)), (1, (123)) in G of orders 2 and 3 whose product has order 4 in PGf, giving defining relations for the symmetric group S, (we will just write x,(34) and (123) for such elements in the following).
Proposition.
The groups G+ and PG+ are maximal handlebody, but not maximal bounded surface groups.
Proof. The tetrahedral group G+ is the graph-amalgamation product over the graph of groups T3,3,4 which clearly is a surjective image of both G2 and G3, so G+ is a maximal handlebody group; the same is true for its quotient PG' = G+/T. It remains to show that PG+ (and then also G') is not a surjective image of G, = D2 *Lz D,. Suppose there exists a surjection of G, onto PG+:
PG+ = (Z,)' K S4
We use the presentations In the first case cp is not surjective, in the second case the
is not fulfilled; therefore such a surjection cp does not exist and PG+ is not a maximal surface group. This finishes the proof. 0
The group PG+ of order 96 has the smallest possible order of a group with the property in Proposition 2.1. This follows from 
Proposition.
The G2-, G3-and G,-groups of order smaller than 96 are thefollowing:
S, (GZ and G3), Z20S4 ( G3) and A, (G, and G4); all of these are also G,-groups.
We will not give the proof which is an exercise using simple group-theoretical arguments.
Now we come to our second example. We consider the spherical tetrahedron T 3.3.5 in Fig. 3 
Z3*Z3=(x1x3=1)*(yly3=1)
Then the restrictions cp, and qz of cp are also surjective. By conjugation in A,@A,, we can assume that cpz(x) = ((123), (123)) and q>(y) = ((345), (a45)), a = 1,2 or 3.
By conjugating the right-hand side with some power of (123), we achieve also a = 3. But then obviously q2 is not surjective. This finishes the proof of the proposition. 0
By the usual argument we get:
2.4. Corollary. 'There are infinitely many maximal handlebody groups which are not maximal surface groups.
Proof. Consider a maximal handlebody group G which is not a maximal surface group, so we have a surjection cp : G, * G for i = 2,3 or 4, but not for i = 1. The kernel of cp is a free group which has characteristic subgroups of arbitrarily high finite index. Taking the quotients of Gi by these subgroups (which are normal in G,) we get maximal handlebody groups which are not maximal surface groups and which have G as a quotient. In particular, the underlying topological space of M/G is the 3-sphere S3, and there exists an embedded 2-sphere in M/G which meets the singular set in four points of orders 2, 2, 2 and 3 and divides M/G into two orbifolds as in Fig. 1 . Also, there is a relation (1 -g) = 1 Gl. x( V/ G) = 1 GI . ,y( W/ G), where x denotes the orbifold Euler characteristic (see [S] ) which behaves multiplicatively under finite coverings. In order to find examples of maximally symmetric finite group actions on 3-manifolds we consider the spherical, Euclidean and hyperbolic tetrahedral groups, i.e., the subgroups G+ of orientation-preserving elements in the 3-dimensional Coxeter groups G generated by the reflections in the faces of a spherical, Euclidean or hyperbolic tetrahedron.
In the spherical case, G and Gt are finite groups of isometries of the 3-sphere S", and Table 1 The invariant Heegaard decompositions of S" of minimal genus belonging to these groups can easily be seen as follows, for example in the case of [3, 3, 5] '. This group acts by isometries on S3 leaving invariant a triangulation of S3 by spherical There exist other maximally symmetric finite group actions on S3, i.e., groups which are not tetrahedral groups. According to the list given in [4] of spherical 3-orbifolds with S3 as underlying topological space there are exactly three more maximally symmetric cases (up to reversal of orientation) which are not Seifert fibered. The singular sets of the quotient orbifolds of these three maximally symmetric actions are as shown in Fig. 4 . AZ. Note that there are more inclusion relations between some of the tetrahedral groups, using the symmetries of the tetrahedral orbifolds as reflected by the symmetries of the representing graphs. Similar remarks apply in the following Euclidean and hyperbolic cases; note that it may happen in some cases that a subgroup has larger type of Heegaard genus than the group itself. We now come to the Euclidean and hyperbolic cases, starting from Coxeter groups G generated by the reflections in the faces of Euclidean respectively hyperbolic tetrahedra.
These are infinite properly discontinuous groups of isometries of the Euclidean respectively hyperbolic 3-space X3; the quotient X3/G+ of X" by the corresponding tetrahedral group G+ is homeomorphic to S3, and the singular set of the 3-orbifold X3/G+ is the l-skeleton of the tetrahedron. If U is any normal torsion-free subgroup of finite index in G+, then we have an action of the finite group G'/ U by isometries on the Euclidean respectively hyperbolic 3-manifold X3/U. By the Selberg Lemma, there exists always an infinite number of such subgroups U, for a fixed tetrahedral group G+; the type IG'/ Ul/(g -1) of the Heegaard genus is the same for all such subgroups U, and in the following list we
give all Euclidean and hyperbolic Coxeter groups as above together with the corresponding Heegaard genus type. According to the list in [4] of Euclidean 3-orbifolds there are two more Euclidean groups giving rise to maximally symmetric finite group actions; the singular sets of the quotient orbifolds of these two groups are as shown in Fig. 5 . Also in the hyperbolic case, using the symmetries of the graphs respectively the [4, 3, 4] and S, is the octahedral group of orientation-preserving symmetries of the cube. It follows that there is a maximally symmetric action of S, on the 3-torus R3/Z3; in particular, the 3-torus is maximally symmetric.
An example of a maximally symmetric hyperbolic 3-manifold is the Seifert-Weber dodecahedral space obtained by identifying the faces of a hyperbolic regular dodecahedron with dihedral angles 27r/5 in pairs in a certain way. The characteristic cell of such a hyperbolic dodecahedron is the tetrahedron and the tetrahedral group [5, 3, 5] + contains as a normal subgroup of index 60, with quotient group A,, the universal covering group of the Seifert-Weber dodecahedral space (see [l] ) which therefore admits a maximally symmetric action of A5 and is maximally symmetric.
3.2. Proposition. The following 3-manifolds are maximally symmetric: the 3-sphere S3; the projective space lRp3; the connected sum #,(S2 x S'), for at least those values of g for which the handlebody V, of genus g has a maximal group action of order 12(g -1); the 3-torus S' x S' x S'; the Setfert-Weber hyperbolic dodecahedral space, the Poincare' homology 3-sphere, the Hantzsche-Wendtjlat 3-mamfold (see [16] ).
Remarks. (a)
The irreducible maximally symmetric 3-manifolds we found are all geometric, in fact spherical, Euclidean or hyperbolic; this is not by pure accident. Let M be a maximally symmetric irreducible 3-manifold with a maximally symmetric G-action. Granted Thurston's orbifold geometrization theorem, the quotient orbifold M/G is either geometric itself or has a decomposition, along incompressible Euclidean 2-suborbifolds, into geometric orbifolds (see [13] for definitions). Now M/G is the union along the boundaries of two orbifolds of the types in Fig. 1 , and it is easy to see that such an orbifold does not contain incompressible Euclidean 2-suborbifolds.
It follows that M/G is a geometric 3-orbifold and M a geometric 3-manifold.
It is also easy to see (for example by looking at the lists in [4] ) that most cases belong to the spherical, Euclidean and hyperbolic geometry. The most It is somewhat easier to consider commensurability classes of hyperbolic 3-manifolds instead: one may call a closed hyperbolic 3-manifold virtually maximally symmetric (vms) if some finite covering is maximally symmetric. Then all the hyperbolic 3-manifolds in [l] , constructed by identifying the faces of regular hyperbolic polyhedra in pairs, are vms. The tesselation of W' by regular 2rr/5-dodecahedra has the tetrahedron 5 5 as its characteristic cell and [5, 3, 5] ' as its symmetry group, so the universal covering groups of the hyperbolic manifolds obtained from identifications of the 2n/5-dodecahedron are subgroups of finite index in [5, 3, 5 ]+ (but not normal subgroups, in general). Similarly, the tesselation of W" by 2rr/3-icosahedra has [3, 5, 3] + as its symmetry group. This is not one of the maximally symmetric cases; however if we consider the extension of [3, 5, 3] + by the natural symmetry (rotation) of order 2 we are in a maximally symmetric case, so all the manifolds obtained from the 2r/3-icosahedron are vms. Among these, but not listed in [l] , is the 5-fold cyclic branched covering over the figure-8 knot, see [lo] .
